We introduce a new discrete coherence monotone named the coherence number, which is a generalization of the coherence rank to mixed states. After defining the coherence number in a similar manner to the Schmidt number in entanglement theory, we present a necessary and sufficient condition of the coherence number for a coherent state to be converted to an entangled state of nonzero k-concurrence (a member of the generalized concurrence family with 2 ≤ k ≤ d). It also turns out that the coherence number is a useful measure to understand the process of Grover search algorithm of N items. We show that the coherence number remains N and falls abruptly when the success probability of the searching process becomes maximal. This phenomenon motivates us to analyze the depletion pattern of C (N ) c (the last member of the generalized coherence concurrence, nonzero when the coherence number is N ), which turns out to be an optimal resource for the process since it is completely consumed to finish the searching task.
I. INTRODUCTION
Coherence is a fundamental property of quantum mechanics that generates several intrinsic features distinguished from classical ones. It is also useful as a physical resource for some quantum information processes. To perform the quantitative analysis of these tasks, we need rigorous definitions and formulations of the coherence resource theory. The first comprehensive formulation was presented in [1] , where the authors provided strict criterions for a quantity to be a measure for the amount of coherence. It was a milestone from which productive studies on coherence resource theory thrived in varied areas, e.g., discovering measures and monotones of coherence [2] [3] [4] [5] [6] [7] , comparing coherence with other quantum correlations [8] [9] [10] [11] [12] [13] , dynamics of coherence [14] [15] [16] [17] [18] [19] , and application to quantum thermodynamics [20] [21] [22] (a recent review on the developing landscape of the coherence resource theory is given in [23] ).
Among them, one of the principal tasks is to delve into the connection between coherence and entanglement theory. It was shown that nonzero coherence is a necessary and sufficient condition for a state to be used to generate entanglement [8] . This result was generalized to a wider category in [24] , which analyzed an extended form of nonclassicality. The authors presented a framework for the conversion of nonclassicality (including coherence) into entanglement. The entanglement convertibility theorems have two distinctive scenarios, discrete (in which the classical states are in a finite linearly independent set) and continuous (in which the states are named symmetric coherent states connected with the SU(K) representation). Especially in the discussion of the discrete case, an analogous concept to the Schmidt rank in entanglement is introduced, which is the coherence rank of pure states. * sbthesy@skku.edu
In this paper, we generalize the concept of coherence rank for pure states to one that is suitable for mixed states, which is the coherence number r C (ρ). It is a discrete coherence monotone and defined in a similar manner to the construction of the Schmidt number from the Schmidt rank [25] . So r C (ρ) is the smallest possible maximal coherence rank in any decomposition of a mixed state ρ. We expect that it will be a simple but useful tool for measuring the coherence variations in many quantum processes.
As the first application, we investigate with coherence number the generalized concurrence monotone in the perspective of the entanglement convertibility theorem. The generalized concurrence monotone is a family of entanglement monotones for (d × d)-systems [26] , which includes the entanglement concurrence for (2 × 2)-systems [27, 28] and its higher-dimensional generalization [29] . It is worth investigating as a candidate for the quantity to witness the entanglement dimensionality concretely [30] . The members of the concurrence family (called the kconcurrence and denoted as C k ) have a strict quantitative order, and especially the G-concurrence (the kconcurrence for k = d) has convenient mathematical features such as multiplicativity. It will be shown in our discussion that a mixed state ρ can be converted to a state of nonzero k-concurrence if and only if r C (ρ) ≥ k.
Next, we discuss the role of coherence number in the Grover search algorithm [31] . Coherence is assumed to be a fundamental quantum resource which has the most obvious correlation with the success probability P of Grover search process [32] . We show that the coherence number is a convenient measure for detecting the fulfillment of the searching task with N items. The coherence number for the state remains N and sharply drops off when P = 1. This pattern motivated us to analyze the behavior of C (N ) c , the last member of the generalized coherence concurrence family defined in [33] , during the process. C (N ) c is a normalized quantity and nonzero if and only if the coherence number is N . The advantage of C as a resource for Grover algorithm over other coherence monotones is that it monotonically decreases as P increases and completely disappears when P = 1. So we can state that C (N ) c is an optimal coherence monotone for Grover algorithm.
This paper is organized as follows. In Section II, we review the Schmidt number and the generalized concurrence in entanglement resource theory. We derive an expression for C k which we can use to obtain some bounds of C k . In Section III, we introduce the coherence number and show that it is a discrete coherence monotone. In Section IV, we use the concept of coherence number to study the entanglement convertibility theorem of the k-concurrence monotone. In Section V, we show that the coherence number and C (N ) c are good resources for the Grover searching process which clearly reveal critical moments of the process. In Section VI, we summarize our results and discuss further problems.
II. SCHMIDT NUMBER AND GENERALIZED CONCURRENCE REVISITED
In this section, we briefly review the concepts of the Schmidt number and the generalized entanglement concurrence. Then we derive an expression for C k that will be used for the quantitative analysis in Section IV.
The Schmidt coefficients are key elements to both entanglement monotones. Considering a quantum system with two subsystems A and B (dim
, a pure state |ψ ∈ H A ⊗ H B is always possible to be written as
. The real positive numbers λ i are the Schmidt coefficients of |ψ . And the number of nonzero Schmidt coefficients, r(|ψ ), is the Schmidt rank of |ψ .
The Schmidt number r(ρ) is an extension of Schmidt rank to mixed states [25] . It is defined as
where {p i , |ψ i } is the set of all possible pure-state decompositions of ρ. So we choose one pure state decomposition which has the smallest maximal Schmidt rank. The generalized concurrence monotone is a family of entanglement monotones for (d × d)-systems [26] , which is a generalization of the entanglement concurrence for (2×2)-systems [27, 28] . It consists of k-concurrences with
where
is in the denominator so that C k (|ψ ) is normalized as 0 ≤ C k (|ψ ) ≤ 1. C k (|ψ ) equals 1 only when |ψ is maximally entangled. The k-concurrence for a mixed state ρ is defined by convex roof extensions, i.e.,
This form of concurrence family contains the entanglement monotonones that exist only in
The k-concurrence is zero when k is larger than the Schmidt number of the state, which means that the generalized concurrence is a Schmidt number specific monotone family.
The G-concurrence G d is the last member of the kconcurrence family, i.e., 
which follows directly from the property of the determinant. More important is that G d provides a lower bound for the k-concurrence family. For mixed bipartite states we have
We can derive this inequality using the arithmeticgeometric mean inequality. The G-concurrence monotone measures to which extent pure states with maximal Schmidt rank is contained in a mixed state, and is useful to analyze some entanglement system, e.g., remote entanglement distribution (RED) protocols. For more details, see [26, 30] and 5.2.2 of [34] . Now we rewrite (3) in terms of |ψ that is not Schmidtdecomposed,
and derive the explicit formula for C k (ψ ij ). By definition the pure state k-concurrence is given by
where (Ψ) ij = ψ ij and K k (Ψ † Ψ) is the kth compound matrix of Ψ † Ψ [26] . Using Cauchy-Binet formula
and
we can obtain the explicit expression of C k (|ψ ) in terms of ψ ij as follows:
This formula will be used in Section IV to obtain some bounds for C k .
(Example) k = 2:
which equals Eq. (22) of [35] . k = 3:
The explicit expension and application of (13) is given in Appendix B.
In this case we can easily see that the following relation holds as expected:
III. DEFINITION OF COHERENCE NUMBER
The coherence resource theory has developed along the landscape of the entanglement resource theory, exhibiting strong correspondences in many aspects. Streltsov et al. [8] proved that any coherent state can be converted to a bipartite entangled state by adding an ancilla and taking incoherent operations. The similar process for quantum discord is presented in [11] .
The conversion of coherence to entanglement is generalized to a wider category by [24] , who analyzed the nonclassicality including coherence. During the discussion they introduced an analogous concept to the Schmidt rank in entanglement, the coherence rank of a pure state:
where |c j are in the set of computational basis and each classical, and ∀j : ψ j = 0. So 1 ≤ r C ≤ d and all nonclassical pure states should have r C ≥ 2. It is proved that there exists a unitary incoherent operation Λ on a pure state |ψ such that the Schmidt rank of Λ|ψ is equal to the coherence rank of |ψ [24] , and r C (|ψ ) is non-increasing under incoherent operations [3, 36] . It is not hard to conceive generalized concepts of coherence rank to mixed states. One possible way is to build a similar quantity to the Schmidt number introduced in Section II as follows: Definition 1. The coherence number r C (ρ) for a mixed state ρ is defined as
So r C (ρ) is the smallest possible maximal coherence rank in any decomposition of the mixed state ρ, and for pure states the coherence number equals the coherence rank. It is obvious that there exists a unitary incoherent operation Λ on a mixed state ρ such that the Schmidt number of Λ[ρ] is equal to r C (ρ).
If we denote the set of states on H d that have coherence number not bigger than k as R k , i.e.,
then R k−1 ⊂ R k and R k is a convex compact subset of the entire set of states R d , just as the set of quantum states on H d ⊗ H d that have Schmidt number not bigger than k is a convex compact subset of the entire set of states [25] .
Theorem 1. The coherence number r C (ρ) (or log 2 [r C (ρ)] for the quantity to be zero when incoherent) is a coherence monotone, which satisfies the condition (C1), (C2) and (C3) listed in Appendix A. 
n ) with Definition 1 shows that the strong monononicity holds for r C (ρ).
The conditions for coherence monotones to satisfy along the incoherent operations are listed in Appendix A.
IV. MEASURING THE CONVERTIBILITY OF COHERENCE INTO k-CONCURRENCE WITH rC
We expect that the coherence number will be a simple but useful criterion for recognizing the non-classicality of general quantum states as the Schmidt number does in the entanglement resource theory. In this section, we compare the coherence concurrence of a mixed state ρ s in an initial system S with the k-concurrence entanglement generated from ρ s by attaching an ancilla system A (of the same dimension with the system S) and taking an incoherent operation Λ SA . It will be shown that a state ρ can be converted to an entangled state of nonzero kconcurrence if and only if r C (ρ) ≥ k.
An coherence upper bound of k-concurrence monotones Before approaching the main task, we first present an upper bound of the generalized entanglement monotone family created from ρ s by an incoherent operation, which is given by the coherence concurrence, recently proposed in [37] . We denote it C c [38] .
For a pure |ψ
is the computational basis set and all incoherent density operators are of the form ρ = d i=1 p i |i i|), the coherence concurrence is defined as
where Λ j,k ≡ |j k| + |k j| (1 ≤ j < k ≤ d). We can consider Λ j,k as the symmetric generators of SU(d) group (GGM, the generalized Gell-Mann matrices). For a mixed state ρ, the coherence concurrence C c (ρ) is defined with convex roof construction. In general C c is not smaller than C l1 (l 1 -norm coherence monotone), but there exists a necessary and sufficient condition for the two quantities to be equal to each other [33] . 
A similar inequality holds for k = 3 (d ≥ 3) case, e.g.,
using the formula (13) . The detailed proof is in Appendix B.
But there is a simpler way to obtain a complete inequality relation of k-concurrence monotones that has the upper bound in terms of C c (ρ) from (20) and the following inequality, (22) for any mixed bipartite state ρ, which is a direct result of Maclaurin's inequality and convex roof extention.
Theorem 2. The members of the k-concurrence monotone family created from any mixed state ρ s via an incoherent operation Λ SA is bounded above by C c (ρ s ) and ordered as follows:
Proof. This is a straightforward result of (20), (23) , and the inequality
Corollary 1.
If there exists an incoherent operation that converts a state ρ s to a state of nonzero k-concurrence for any k, C c (ρ s ) is nonzero.
The conversion of coherence into k-concurrence
The generalized concurrence is a family of hierarchical entanglement monotones closely related to the Schmidt number of the state, so we can guess the convertibility for each k-concurrence (2 ≤ k ≤ d) will be discernable with some hierarchical coherence monotone. And we presume that the coherence number is such a quantity.
We can obtain the convertibility relation between the coherence number and k-concurrence entanglement of a state by imposing a constraint on the coherence number of the state through the following lemma: Lemma 1. The Schmidt rank generated from a pure state in the system S through any Kraus operator of incoherent operations by appending an incoherent state |1 A in an ancilla system A is not bigger than the coherence rank of the initial pure state, i.e.,
Proof. Let's say that a pure state |ψ S in S has a coherence rank l. Then with the Kraus operator set {K n } of any incoherent operation Λ SA acting on S and A, we have
for all n. So K n [|ψ S ⊗ |1 A ] can be rewritten as
and the Schmidt rank of
is not bigger than l. Now we are ready to present the convertibility theorem between coherence and the k-concurrence of general states.
Theorem 3.
A mixed state ρ s can be converted to a state of nonzero k-concurrence via an incoherent operation by appending an incoherent state |1 1|
A in an ancilla system A if and only if r C (ρ s ) ≥ k, i.e.,
Proof. =⇒: If r C (ρ s ) < k, there exists a decomposition of ρ s as ρ s = a p a |ψ a ψ a | such that the maximal coherence rank of {|ψ a } is smaller than k. Then by Lemma 1, the Schmidt number of Λ SA [|ψ a ⊗|1 A ] is smaller than k. So we have
Hence,
gives 
An unitary operation under which the coherence number and the Schmidt number are equal is given by
where ⊕ means an addition modulo d. Then we have with |ψ
Defining an unitary incoherence operation as
we can obtain the bounds of G-concurrence (C d ) with coherence as follows:
Theorem 4. When r C (ρ s ) = d for a mixed state ρ s and the unitary incoherent operation is given as U of (30),
has the upper and lower bound as follows: 
Proof. For a pure state |ψ S , G-concurrence and coherence concurrence in terms of r i (≡ |ψ i |) are given by
Then we have 1
where the last inequality holds by the arithmeticgeometric mean inequality, and
since S( ) reverses the arithmetic-geometric mean inequality [40] . By convex roof extension we obtain (33) .
We can compare Theorem 4 with the results in [30] , where the lower bound of G d (ρ) is given using nonlinear witness techniques. The inequality (33) also provides a lower bound for G-concurrence of a state, but the direction is different. The lower bound given in [30] is expressed with density matrix elements, so determines whether a bipartite state has nonzero G-concurrence. For our case, we create the entangled state with nonzero Gconcurrence with a coherent state ρ with r C (ρ) = d.
V. COHERENCE NUMBER IN THE GROVER SEARCH ALGORITHM
In this section, we show that the coherence number is a convenient measure for detecting the moment that the Grover search process [31] becomes completely successful, which provides the idea that there exist optimal coherence monotones in the generalized coherence concurrence family [33] which are completely exploited during the task.
Grover search algorithm and coherence
Grover search algorithm is the most fundamental algorithm in quantum computation. It theoretically says that quantum operations with properly adjusted phases can speed up the searching process, i.e., finding m targets among a large database N . It is conjectured that quantum correlations such as entanglement are the resources for the speedup, but the attempts to find some concrete relation between the success probability of Grover search process and various measures of entanglement or discord has been unsuccessful [41, 42] .
But considering the recent viewpoint that quantum coherence is a more fundamental resource than entanglement or discord, it is worth attempting to investigate the quantitative relation between coherence and Grover search algorithm. Indeed, coherence depletion phenomena in the Grover quantum search algorithm is analyzed by [32] , in which the authors showed that the relative entropy of coherence and l 1 -norm coherence monotone decrease monotonically while the success probability of the searching process increases.
Here we approach the problem with two coherence monotones. One is the coherence number and the other is the last member of the generalized coherence concurrence C (N ) c introduced in [33] , since they expose the critical moments of the searching process more vividly than the monotones analyzed in [32] .
First, we briefly review the Grover search algorithm [31] . Consider a system with n-qubits. Then the system has a database of dimension N = 2 n . We initialize the state of the qubits as |ψ 0 = n states, Then we reexpress the initial state as
where |X (for targets) and |X ⊥ (for those which are not) are defined as
without loss of generality. After taking G r on |ψ 0 , we have
where α r = (r + 1 2 )A. Then the success probability for finding target states is
The states after r times of iteration gives a density matrix, and the authors of [32] calculated the relative entropy of coherence and l 1 -norm coherence with it. They showed that during the success probability P (r) increases from 0 to 1, the amounts of coherence decrease monotonically. These phenomena support the conjecture that coherence is a key resource for Grover search process. It is quite straightforward to see the change of coherence number of Eq. (39) along r. Since the state is pure, the coherence number is just the coherence rank. r C (|ψ r ) remains constant until r exactly satifies cos α r = 0, i.e.,
The coherence number of |ψ r suddenly drops down to m (the number of target states) from N when r reaches
. So we can say that the leaping off of coherence number is an alarm bell to notice that P (r) has reached its maximal value exactly. But since it usually does not happen that
2 becomes an integer, we can say for most cases that r C (|ψ r ) remains N throughout the searching process.
One thing to pay attention is that the final state after finishing the searching task, even when
is an integer, is still coherent except when m = 1. We can see the same pattern in Figure 2 of [32] , which shows that the relative entropy of coherence C r (|ψ r ) is still non-zero at P = 1. The same is true with the l 1 -norm monotone and the geometric coherence [43] . If there are coherence monotones which the iteration of G depletes completely at P = 1, we can say that they are the optimal measures of coherence consumption during the searching process.
As such a monotone, we introduce C (N ) c , the last member of the generalized coherence concurrence [33] . It is an analogous coherence monotone family to the generalized entanglement concurrence and consists of coherence k-concurrences with 2 ≤ k ≤ N (N is the dimension of state here). The family is coherence number specific, just as the generalized entanglement concurrence is Schmidt number specific. So Eq. 
is the computational basis set), 
C (|ψ r ) completely goes away when P (r) = 1 as expected. We obtain the behavior of C (|ψ r ) is a monotonically decreasing function of r from 1 to 0 and completely consumed to perform the Grover search process. The case for N = 2 10 and m = 5 is ploted in Fig. 1 .
We can also calculate the cost performance w = −dP/dC for C = C (N ) c (|ψ r ). Actually, Eq. (43) is reexpressed with P as 
Before closing this section, we roughly sketch the behavior of coherence k-concurrences C So we can say that coherence k-concurrences with m + 1 ≤ k ≤ N are completely consumed during the Grover search process.
VI. CONCLUSIONS
In summary, we introduced the coherence number r C (ρ) for mixed states and obtained a necessary and sufficient condition for a coherent mixed state to be converted to a bipartite entangled state of nonzero k-concurrence. We also showed that the coherence number is a simple and clear measure for the success probability of the Grover search process and that the continuous monotone C (N ) c is thoroughly exploited to finish the task. Considering the relation between the Schmidt number and the k-concurrence in entanglement, it is natural to expect there exists a family of coherence concurrences which senses the coherence number directly, which is introduced in [33] (the coherence k-concurrence C (k) c (ρ) of a d-dimensional state ρ with 2 ≤ k ≤ d). In the paper, the application of r C (ρ) and the concurrence family to the multi-slit interference experiments is also presented. But while the coherence number determines the number of distinguishable slits and C (2) c can be understood as a kind of visibility, the quantitative meaning of C (k) c with k = 2 in the multi-slit problem is not clear yet. Considering the role of the general coherence concurrence in Grover algorithm, the monotonicity of C (k) c with m + 1 ≤ k ≤ N − 1 during the searching process is also to be studied.
It will also be an intriguing problem to find a more systematic and geometric way of understanding the relations among the Schmidt number, the coherence number, and the generalized concurrences of entanglement and coherence.
